Realization of the Space of Conformal Blocks in Lie Algebra Modules  by Wang, Xiandong & Shen, Guangyu
Ž .Journal of Algebra 235, 681721 2001
doi:10.1006jabr.2000.8477, available online at http:www.idealibrary.com on
Realization of the Space of Conformal Blocks in Lie
Algebra Modules1
Xiandong Wang
Department of Mathematics, Qingdao Uniersity, Qingdao 266071,
People’s Republic of China
and
Guangyu Shen
Department of Mathematics, East China Normal Uniersity, Shanghai 200062,
People’s Republic of China
Communicated by Geoffrey Mason
Received July 21, 1998
Using integrable irreducible representations of generalized twisted affine Lie
algebra modules, we give a realization of the space of conformal blocks of
conformal field theory on a stable algebraic curve. Many basic properties of the
conformal blocks, such as finite dimensionality of the space, invariance of the
conformal blocks under suitable formal neighborhood changes, and the property of
‘‘propagation of vacua’’ are discussed. Finally, a relative local 1-form around a
fixed point of the order two automorphism of the curve is given.  2001 Academic
Press
Conformal field theory is a two-dimensional quantum field theory in-
Ž  .variant under conformal transformations see 1 . These transformations
constitute the conformal group G. It turns out that the conformal group of
Žthe theory in the complex plane consisting of conformal holomorphic
.transformations is infinite dimensional, and it can be written as a direct
product
G   ,
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Ž .where   is the group of holomorphic substitutions of the complex
Ž .variable z z . The Lie algebra of the group  is the algebra of differential
operators
d
n1L  z , n n dz
which is actually the Virasoro algebra without central extensions Vir.
Similarly, the Lie algebra of the group  is another copy of the Virasoro
algebra without central extensions Vir. We thus have the Lie algebra direct
sum Vir Vir corresponding to the conformal group G. From this, we see
that it is essential to consider representations of Virasoro algebras in the
conformal field theories.
A Virasoro algebra with central charge c, also denoted by Vir, can be
described by the commutation relations
m3	m
 L , L  m	 n L  c Ž .m n mn mn , 012
 L , c  0, m , n .m
As usual, one defines the Verma module and highest weight module of
Vir. An irreducible highest weight module can be characterized by a pair of
Ž .numbers c, h , where the same c denotes both the central element c and
the number corresponding to it when acting on the module, and h is the
 :eigenvalue of the highest weight vector h belonging to the operator L0
Ž  .see 3, 5 .
The state space of a given conformal field theory is a Hilbert space that
has a decomposition into irreducible representations of the form
H N c, h 
 c, h ,Ž . Ž .Ý h , h
h , h
where N are integers, denoting the multiplicities of the representationsh, h
indicated. Every term corresponds to a primary field of the theory. When
c 1, c 1, the decomposition is finite. The case c 1 is quite different,
since there are infinite primary fields. A natural way to handle this
problem is to extend the algebra Vir to a larger one, so that many terms
could be put together into one irreducible module of the extended algebra
and we could get a finite decomposition. Affine KacMoody algebras are
the first selected extensions and proved extremely powerful. Other exten-
   sions include super conformal algebras 8 , parafermions, and so on 2 .
The classification of all conformal field theories is a basic and difficult
question. It seems that imposing a finiteness condition offers the best
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prospects to solve this problem, and this results in the so-called ‘‘rational
Ž  .conformal field theories’’ see 11 .
 In 14 , using the well-founded integral representation theory of the
affine Lie algebras and the theory of algebraic geometry, K. Ueno defined
a realization of the space of conformal blocks attached to any semi-stable
curve satisfying certain conditions. These conformal blocks are the basic
components of the whole rational conformal field theory considered there.
This model is different from the previous ones in that it is more algebraic
and the corresponding theory is fruitful. It provides a new method hope-
fully to solve the classification problem.
For any finite dimensional simple Lie algebra over the complex numbers
Ž ., Ueno defined the generalized untwisted affine Lie algebra g asNˆ
g N g
  cˆ Ž .Ž .N jj1
with the commutation relations
N
X 
 f , Y 
 g  X , Y 
 f g  c X , Y Res g df ,˙Ž . Ž . Ž .Ýj j j j j j j j j j j j
0jj1
X , Y  g , f , g   .Ž .Ž .i i i i i




H ,  1 2 N
where H is the integral irreducible module of the generalized affine Lie j
algebra g with one variable  , and g acts on H diagonally. Then theˆ ˆj N 
space of covacua attached to an algebraic curve X with formal neighbor-
hoods is defined to be the quotient space
   X H g X HŽ . Ž .ˆ  
†Ž . Ž .and the space of vacua is defined as the dual  X , here g X is theˆ
subalgebra of g ‘‘consisting of meromorphic functions on the curve X .’’Nˆ
  ŽThe author of 14 proved that these spaces are finite dimensional hence
. Žthe model is rational , and they have many interesting properties the
analogous properties discussed in this paper are described below and will
.be systematically studied in later sections . The property ‘‘propagation of
vacua’’ enabled him to define the correlation functions of currents, on
which the KnizhnikZamolodchkov equations in his setting are based.
Ž .In this paper, the author gives a twisted realization of the space of
conformal blocks. The Lie algebra g is replaced by the twisted algebraNˆ
g which can be regarded as the fixed point set of an order two automor-N˜
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Ž .phism of g see Table I in Section 1 . We call g the generalized twistedˆ ˜N N
affine Lie algebra. Accordingly, the algebraic curve X is supposed to have
an order two automorphism. The formal neighborhoods at the specified
points of the curve and the points themselves have to be chosen properly
so that they are in accordance with the automorphisms of the curve and of
Ž .the algebra. Then the author is able to define the twisted space of
Ž .covacua and the twisted space of vacua in the same way as in the
 untwisted case. Most of the main results in 14 are generalized to the
twisted case with slight modifications.
In Section 1, we first give a brief description of the theory of affine Lie
algebras, then we recall some basic notations and facts from algebraic
geometry, among these are N-pointed stable curves, formal neighbor-
Ž  .hoods, and embedding lemma, etc. see 6, 14 . Finally the generalized
Ž .twisted affine Lie algebras GTA-algebras for short g and g are intro-˜ ˜N
duced. We emphasis here that this concept is different from the usual
 twisted affine Lie algebras 7 in that the Laurent polynomials are replaced
by Laurent series to form the loop algebra. The Verma module M and its
irreducible quotient H are defined just as in the usual twisted case. The
subject of Section 2 is the fundamental properties of the GTA-algebra g˜
and the module H . A natural gradation of the module H is defined by an 
operator L which is a basis element of the operator Virasoro algebra0
² :  L ; n  9 . This algebra can also act on the Lie algebra g as˜n
 4derivations. Thus one can form the semidirect product g L ; n  .˜ n
This is the main reason why affine Lie algebras are so important in the
study of conformal field theories. The twisted current algebra is intro-
duced, the commutation relations for these currents are of the form
as expected, and naturally we have the twisted primary fields. At the
end of this section, we prove the local nilpotency of operators as on the
module H .
The main part of the paper is Section 3, in which we develop the twisted
theory systematically and give a realization of the space of conformal
blocks. First we define the concepts of a good formal neighborhood and an
N-pointed stable curve with good formal neighborhoods. Then we break
Žthe field of the meromorphic functions into two parts the even part and
.the odd part by the order two automorphism of the curve X , define the
Ž .Lie subalgebra g X of meromorphic functions, and then the concepts of˜
the space of covacua and the space of vacua. After introducing these
concepts, we will prove many of the basic properties of the conformal
blocks, such as finite dimensionality of the space, invariance of the
conformal blocks under suitable formal neighborhood changes, and the
property of ‘‘propagation of vacua.’’ Finally, a relative local 1-form around
a fixed point of the order two automorphism of the curve is given.
THE SPACE OF CONFORMAL BLOCKS 685
1. PRELIMINARIES AND BASIC CONCEPTS
1.1. Affine Lie Algebras
We recall some basic concepts concerning affine Lie algebras in this
 subsection. For further details the reader can consult 7 .
For any simple finite dimensional Lie algebra g, define the vector space
g by
	1g g
  ,  ,
where  is an indeterminate. We make g into a Lie algebra by setting
 m n    mnX
  , Y
   X , Y 
 
for all X, Y g and m, n . Define the vector space g byˆ
g gcˆ
for c 0. Then g can also be made into a Lie algebra by letting c beˆ
central, and setting
 m n    mnX
  , Y
   X , Y 
   X , Y m cŽ . mn , 0
Ž .for all X, Y g and m, n ; here , denotes a fixed nonsingular
invariant symmetric bilinear form of g. g is called the nontwisted affineˆ
Lie algebra associated with g.
There is a natural -gradation of g defined byˆ
deg X
  m m , deg c  0Ž . Ž .
for all X g and m . Thus we get the triangular decomposition
g g  g  g ,ˆ ˆ ˆ ˆ 0 	
where
g  g
 1, g  g
  m , g  g
  n .ˆ ˆ ˆÝ Ý0  	
m0 m0
Let g  g  g and V be a finite dimensional irreducible module ofˆ ˆ ˆŽ.  0
g, l a fixed number, and define the action of g on V byŽˆ.
Ž .i g acts trivially on V, i.e., g V 0ˆ ˆ 
Ž .ii c  l , for all   V.
V thus becomes a left g module.Žˆ.
Put
MU g 
 V .Ž .ˆ gˆ Ž .
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Then M is a left g-module and it is called a Verma module. It is easy toˆ
show that M has only one maximal proper submodule which we denote by
J. The quotient module HMJ is irreducible.
Suppose that g has an order two automorphism  , and g g  g is0 1
the decomposition associated with  ,
 4g  X g   X X0
 4g  X g   X	X .1
Ž .The twisted affine Lie algebra r 2 g is defined as the vector space˜
2 	2 2 	2g g 
  ,   g 
  ,  c˜ 0 1
with the Lie bracket induced from g .ˆ
Verma modules and irreducible modules for twisted affine Lie algebras
can be defined in the same way as we just did for nontwisted affine Lie
algebras.
In Subsection 1.3, by replacing Laurent polynomials with Laurent series,
we shall define generalized nontwisted and generalized twisted affine Lie
algebras and their modules on which the whole discussion of the paper will
be based.
1.2. Results from Algebraic Geometry
In this subsection, we collect some preliminaries from algebraic geome-
try which we will frequently use in the main part of the article. More
 materials can be found in 6, 14 .
Ž . Ž .1.2.1 DEFINITION. Data X C; Q , . . . , Q consisting of a curve1 N
and points Q , . . . , Q on C are called an N-pointed stable curve of genus1 N
g, if the following conditions are satisfied.
Ž .1 The curve C is a reduced connected complete algebraic curve
defined over the complex numbers . The singularities of the curve C are
at worst ordinary double points. That is, C is a semi-stable curve.
Ž .2 Q , . . . , Q are nonsingular points of the curve C.1 N
Ž . Ž3 If an irreducible component C is the projective line i.e., thei
. 1 ŽRiemann sphere  respectively, a rational curve with one double point,
.respectively, an elliptic curve , the sum of the number of intersection
points of C with other components and the number of Q ’s on C is ati j i
Ž .least three respectively, one .
Ž . 1Ž .4 dim H C, O  g, the genus of the curve C. C
Ž .5 Each component C of C contains at least one Q .i j
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Ž .1.2.2 DEFINITION. Let C be a curve and Q a nonsingular point on C.
An nth infinitesimal neighborhood sŽn. of C at the point Q is a -algebra
isomorphism
Žn. n1 n1 s : O m     ,Ž .C , Q Q
where m is the maximal ideal of O consisting of germs of holomor-Q C , Q
phic functions vanishing at Q.
Taking the limit n 	 in the above isomorphism sŽn., we get the
isomorphism
Ž	. ˆ  s : O  C , Q
which we call a formal neighborhood of C at Q.
Ž . Ž .1.2.3 DEFINITION. The data X C; Q , . . . , Q ; s , . . . , s are called1 N 1 N
an N-pointed stable curve of genus g with formal neighborhoods if
Ž . Ž .1 C; Q , . . . , Q is an N-pointed stable curve of genus g.1 N
Ž .2 s is a formal neighborhood of C at Q for each j.j j
Ž .1.2.4 LEMMA. Assume that X is an N-pointed stable cure with formal
neighborhoods
X C ; Q , . . . , Q ; s , . . . , s .Ž .1 N 1 N
By t we denote the Laurent expansions at Q with respect to a formalj j
	1Ž .parameter   s  . Then the following homomorphisms are injectiej j
N
N0tt : H C , O  Q    ,Ž .Ž .Ýj C j jj1ž /ž /j1
N
N0tt : H C , 
  Q    d ,Ž .Ž .Ýj C j j jj1ž /ž /j1
where 
 is the dualizing sheaf of the cure C.C
Here we define
N N
0 0H C , O  Q  lim H C , O n Q ,Ý ÝC j C jž / ž /ž / ž /j1 j1n	
Ž N ..where O nÝ Q is the sheaf of germs of meromorphic functions onC j1 j
0ŽC which have poles of order at most n at Q , j 1, . . . , N. H C,j
Ž N ..
 Ý Q is defined similarly.C j1 j
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0Ž Ž N .. Ž 0Ž Ž N ...By this lemma H C, O Ý Q respectively, H C, 
 Ý QC j1 j C j1 j
N ŽŽ .. Žcan be regarded as a subspace of    respectively,jj1
N ŽŽ .. .   d . There is a residue pairingj jj1
N   N   d Ž . Ž .Ž . Ž .j j jj1 j1
f  , . . . , f  , g  d , . . . , g  dŽ . Ž . Ž . Ž .Ž .1 1 N N 1 1 1 N N N
N
 Res f  g  d .Ž . Ž .Ž .Ý j j j j j
0jj1
The following lemma plays an important role in the construction of the
space of conformal blocks.
Ž .1.2.5 LEMMA. Under the residue pairing, the ector space
N
0H C , O  QÝC jž /ž /j1
and the ector space
N
0H C , 
  QÝC jž /ž /j1
are the annihilators to each other.
ŽŽ ..Finally, we review some facts about the automorphism group Aut 
ŽŽ ..  of the field   ; more material can be found in 14 .
ŽŽ ..Denote the automorphism group Aut  by D. There is a natural
isomorphism
	
n1D a   a  0Ý n 0½ 5
j1
h h  ,Ž .
where the composition h h of h , h D corresponds to the formal1 2 1 2
Ž Ž ..power series h h  . By this isomorphism we identify D with the set of1 2
formal power series without constant terms.
Put
d
 d   .
d
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Ž . ŽŽ .. Ž .Ž Ž ..For any l d and f    , define exp l f  by
	 1
kexp l f   l f  .Ž . Ž .Ž . Ž . Ž .Ý k!j1
Ž . ŽŽ ..This is well defined and exp l is an isomorphism of   . The exponen-
tial mapping exp : lD is surjective.
1.3. GTA-Lie Algebra g and Its Module H˜ 
For any finite dimensional simple Lie algebra g over the complex field
, Ueno defined a generalized affine Lie algebra including N variables
g N g
  cˆ Ž .Ž .N jj1
with the commutation relations,
N
X 
 f , Y 
 g  X , Y 
 f g  c X , Y Res g df ,Ž . Ž . Ž .Ž . Ýj j j j j j j j j j j i
0jj1
ŽŽ ..where   is the field consisting of formal Laurent power series inj
Ž . Ž . ŽŽ .. Ž .variable  , a  a , . . . , a , a  g
  , , represents a fixedj j 1 N j j
nondegenerate invariant form of g, and c is the central element of g asNˆ
 in 7 .
In this paper, we consider a subalgebra of g of the formNˆ
N 2 N 2g  g 
   g 
   c ;˜ Ž . Ž .ž / ž /N 0 j 1 j jj1 j1
here g g  g is the eigenspace decomposition of g with respect to an0 1
order two automorphism induced by a graph automorphism. Clearly, g is0
a simple subalgebra of g and g is an irreducible module of g in the1 0
adjoint action. We call g a generalized twisted affine Lie algebra.N˜
Denote the order two automorphism of g as  ; we can define an
automorphism  of the generalized affine Lie algebra g asˆ Nˆ
 :N g
  cN g
  cˆ Ž . Ž .Ž . Ž .j jj1 j1
X 
 f  ac  X 
  f  ac,Ž . Ž . Ž .Ž .j j j j
ŽŽ ..where  is the order two automorphism of the field   defined by thej
rule
 :   Ž . Ž .Ž . Ž .j j
 	 .j j
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Then g is just the subalgebra of g consisting of the fixed points of the˜ ˆN N
automorphism  .ˆ
We first consider the case N 1. For convenience, we fix the notations
2 2g g 
   g 
  cŽ . Ž .˜ Ž . Ž .0 1
2 2 2g  g 
    g 
  ˜ 0 1
	2 	2 	2 	1g  g 
    g 
  	˜ 0 1
then we have the decomposition
g g  g c g .˜ ˜ ˜	 0 
Here we identify g with g 
 1.0 0
Suppose  is the highest short root of the simple Lie algebra g and l a0
nonnegative integer. Define a set P asl
P   P  0 ,   l ,Ž . 4l 
where P is the set of dominant weights determined by g . It is well 0
known that for every  P there corresponds a finite dimensional irre-l
ducible module of g , which will be denoted by V . One can construct the0 
induced module of g in the usual way.˜
Let g  g  g c and V be as defined above. The action of g˜ ˜ ˜Ž.  0  Ž.
on V is defined as
Ž .i g acts trivially on V , i.e., g V  0˜ ˜   
Ž .ii c  l , for all   V .
V thus becomes a left g module.˜ Ž.
Put
M U g 
 V .Ž .˜ g Ž˜ .
Then M is a left g-module and it is called a Verma module. It is not˜
difficult to show that M has only one maximal proper submodule J . The 
quotient module H M J is irreducible. The basis elements of M can   
be listed in the explicit form,
X 
 	2 n1  X 
 	2 n s X 
 	2 m11  X 
 	2 m t1  ,Ž . Ž . Ž . Ž .01 0 s 11 1 t
where X  g , X  g ,   V , n , . . . , n , m , . . . , m are positive inte-0 i 0 1 j 1  1 t 1 s
gers.
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TABLE I
r g g a0 i
2 2 2 2
2 A , l 2 B    2 l L
1 2 2 1
2 A , l 3 C    2 l	1 L
1 1 1 1
2 D , l 2 B    l1 L
2
2 A A 2 1
1 2 3 2
2 E F   6 4
1 2
3 D G 4 2
Note
Ž . Ž . Ž1 The decomposition g g  g r 2 or g g  g  g r0 1 0 1 2
. 3 is partly determined by Table I, where the highest short root  is
 4  written as Ý a  and  is the simple root system of g ; see 7 for morei i i i 0
details.
Ž .2 The highest short root  of the simple Lie algebra g is nothing0
else but the highest weight of the g -module g , when g A . We add0 1 2 l0
the latter restriction about g in this paper.
Ž .3 The Lie algebra g is actually the derived algebra of the general-˜
ized affine Lie algebra g e gD, where D acts as a derivation of g.˜ ˜ ˜
2. PROPERTIES OF g AND H˜ 
2.1. Graded Decomposition of H
Ž .Let , be the Killing form of g. From the decomposition g g  g ,0 1
Ž .we know that g , g  0 and the restrictions of the Killing form of g to0 1
g and g are both nondegenerate. Therefore, we can choose orthonormal0 1
 4  4basis u of g and orthonormal basis  of g .i 0 i 1
Let l be a nonnegative integer as before, g be the dual Coxeter
number of the Lie algebra g, and  be the root system of g . ˜ 0
 4  4 ,  , . . . ,  is the simple root system of g .   ,  , . . . ,  is1 2 l 0 0 1 l0 0e ² :the simple root system of g .  is defined as ,   1, 0 i l ;˜ i 0
here  is the coroot.i
Define H,
si² : , H  i 1, . . . , l ,Ž .i 02
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where s   s  0, s  1, when g A ; s  0, i 1, . . . , l , when1 l 	1 l 2 l i 00 0 0
g A .2 l0
Define
1  L  u 	2n u 2nŽ . Ž .Ý Ý0 i i  ž4 g  lŽ . i n
   	2n	 1  2n 1Ž . Ž .Ý Ý j j  /
j n
  2dim g  l
	H H H l 	Ž .  ž /24 4 g g  l
and
1
L  d , L , j 0,j 2 j 02 j




  , d c  0Ž .k kd
and
u 2n  u 
  2 n ,  	2n	 1  
 	2 n	1Ž . Ž .i i j j
and the normal ordering is defined as usual,
X n Y m , nmŽ . Ž .
1  X n Y m  Y m X n , nmŽ . Ž . Ž . Ž .Ž .X n Y m Ž . Ž . 2  Y m X n , nmŽ . Ž .
Ž . n Ž . mfor X n  X
  , Y m  Y
  , X, Y g.
The following lemma can be verified directly or as a consequence of a
Ž  .general result see 7, 9 .
Ž . Ž . n2.1.1 LEMMA. Let X n  X
  . Then we hae
L , X n 	nX n 2 jŽ . Ž .j
3i 	 i l dim g
L , L  i	 j L   .Ž .i j ij i ,	j 12 g  l
Ž . ŽŽ . Ž .. Ž  .2.1.2 LEMMA. Suppose g A ,   ,   2 ,  4 g  l ˆ2 l 0
Ž   2  .Ž Ž  ..dim g24	  4 g l g  l . Here  is the analogue of  withˆ
respect to g . Then the operator L acts on V as  id.0 0  
THE SPACE OF CONFORMAL BLOCKS 693
Proof. From the assumption g A , it follows that H 0. Using the2 l0
:fact that Ý u u is the Casimir operator of g , it is easy to show L   i i i 0 0
: :   ,     V . 
 :Note. We sometimes use the symbol  to denote the element  of a
vector space following physicists.
Ž .2.1.3 THEOREM. Under the assumption of the preious lemma, the
operator L acts diagonally on the module H . Furthermore, if we write0 
Ž .   :  : Ž .  :4 	 Ž .H d    H  L   d   , then H  Ý H d , and  0   d0 
Ž .H d is a finite dimensional ector space for eery d.
 :Proof. For any positive integer m and any vector   V , we get
: : :L X 	m    L , X 	m    X 	m L  Ž . Ž . Ž .0 0 0
: m  X 	m   ;Ž . Ž .
thus
:X 	m   H m .Ž . Ž .
Similarly, it can be proved that
:X 	m  X 	m   H m  mŽ . Ž . Ž .1 1 k k  1 k
for any positive integer m .i
	 Ž . Ž .From the construction of H , we have H Ý H d and every H d  d0  
has finite dimension.
†Ž . Ž Ž . . †Consider the dual space H d  Hom H d ,  , and H    
Ž . 	 †Ž .Hom H , Ł H d , which is a right g module. A perfect bilin-˜  d0 
ear form can be defined as
² : †.  . : H H  
which satisfies the equality
² : ² : ²  † :u  a  ua   ,  u H ,    H , a g .˜ 
The following lemma can be checked immediately.
Ž .2.1.4 LEMMA.
X m H d H d	m , L H d H d	mŽ . Ž . Ž . Ž . Ž .  m  
H † d X m H † dm , H † d L H † dm .Ž . Ž . Ž . Ž . Ž .   m 
A detailed description of the module H is given in the following
theorem.
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Ž . Ž .2.1.5 THEOREM. 1 Let D act on the module H and M in the same 
way as 	L does. Then H and M both can be regarded as highest weight0  
modules of g e gD in the usual sense. The highest weight  is defined˜ ˜
as
 h , h Ž . 0 h Ž . l , h c	 , hD.
Ž .   :   : 42 H is integrable and V   H g   0 .˜   
Ž .3 H is generated by V oer g with only one relation˜  	
Ž .l	  ,  1	1 :X 
     0.Ž .
 :Here X  g is the highest short root ector and   V is the highest 1,  
weight ector of the g -module V .0 
Ž .Proof. 1 Obviously
e  : e  :M U g  , g   0.Ž . Ž .˜ ˜ 
Also, it is easy to show that
 : :h   h   h  cDŽ . 0
hence, M is a highest weight module of g e.˜
As L acts on M diagonally, we see H is a highest weight module of0  
g e as well; the highest weight is .˜
Ž . e2 Represent the simple roots and simple coroots of g respectively˜
by
  	  ,  , . . . ,  c	  ,  , . . . ,  ,½ 5 ½ 51 l 1 l0 0
where
 4   , . . . ,   , . . . ,  41 l 1 l0 0
are the simple roots and simple coroots of g , respectively. From the0
Ž . ² :assumption  ,   l, we deduce ,   0, i 0, . . . , l .i 0
Ž .  Ž .3 From 7, 10.4.6 , we have
l0
Ž ,  .1i :H M U g f   .Ž .˜Ý  	 i
i0
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Now f can be chosen to satisfy f  F 
 	1, f  F 
 1, i 1, . . . , l .i 0 0 i i 0
Here F  X is the highest weight vector of the irreducible g -module g ,0  0 1
Ž .and the F 1 i l are the generating elements of g correspondingi 0 0
Ž ,  i .1 :to negative simple roots. Therefore f    0. From the formulai
² : Ž .,   l	  ,  , we get0
l
Ž . l	  ,  1Ž ,  .1 	1i : :U g f   U g X 
    .Ž . Ž .˜ ˜ Ž .Ý 	 i 	 
i0
This completes the proof of the theorem.
2.2. Current Representation of g˜
For any finite dimensional simple Lie algebra g, physicists often associ-
ate X g with the generating power series
X z 	 X n z	n	1Ž . Ž .Ý
n
and call it the current of X. The commutation relation of the affine Lie
ŽŽ ..algebra g
  c then changes to the form

 X z , Y z  X , Y z  z 	 z 	 c X , Y  z 	 z ,Ž . Ž . Ž . Ž . Ž . Ž .1 2 1 1 2 z 1 21
where
nz1	1 z 	 z  zŽ . Ý1 2 2 ž /z2n
is the formal -function. In this way, they get the so-called ‘‘current
ŽŽ ..algebra’’ related to the affine Lie algebra g
  c.
In this subsection, we shall define similarly the twisted current algebra
and show some of its properties. We first give the following definition.
Ž . Ž .2.2.1 DEFINITION. Let L be given as in Lemma 2.1.1 and define then
twisted energy momentum tensor to be the power series
T z  L z	2 n	2 .Ž . Ý n
n
The formal power series
X z  X 2n z	2 n	2 , X z  X 2n 1 z	2 n	3Ž . Ž . Ž . Ž .Ý Ý0 0 1 1
n n
are called respectively the even current of X and the odd current of X ,0 1
for any X  g , X  g .0 0 1 1
WANG AND SHEN696
Ž .2.2.2 THEOREM. The following commutation relations hold in the alge-
bra of twisted currents

2 2 	1 2 2 X z , Y z  X , Y z  z 	 z 	 c X , Y z  z 	 zŽ . Ž . Ž . Ž .Ž . Ž .0 1 0 2 0 0 1 1 2 0 0 1 z 1 21
	1 2 2 X z , Y z  X , Y z z z  z 	 zŽ . Ž . Ž . Ž .0 1 1 2 0 1 1 1 2 1 2
	1 2 2 X z , Y z  X , Y z z z  z 	 zŽ . Ž . Ž . Ž .1 1 1 2 1 1 1 1 2 1 2
	 c X , Y z	1 z	1 z 2	 z 2Ž . Ž .1 1 1 2 1 2
	 c X , Y z	1 
 z 2	 z 2Ž . Ž .1 1 2 z 1 21
Ž 2 2 . 	2 Ž .2 nin which the formula  z 	 z  z Ý z z is used.1 2 2 n 1 2
Proof. We only give the proof of the first formula. From the definition
of a Lie bracket for the currents, we have
X z , Y zŽ . Ž .0 1 0 2
	2 n	2 	2 m	2 X 2n , Y 2m z zŽ . Ž .Ý 0 0 1 2
n , m
  	2 n	2 	2 m	2 X , Y 2n 2m z zŽ .Ý 0 0 1 2
n , m
 2nc X , Y  z	2 n	2 z	2 m	2Ž .Ý 0 0 nm , 0 1 2
n , m
  	2 k	2 2 m 	2 m	2 X , Y 2k z z zŽ .Ý 0 0 1 1 2
m , k
	 2mc X , Y z 2 m	2 z	2 m	2Ž .Ý 0 0 1 2
m
  2 2 	1 
 2 2 X , Y z  z 	 z 	 c X , Y z  z 	 z .Ž . Ž .Ž . Ž .0 0 1 1 2 0 0 1 z 1 21
According to this theorem, we may call the Lie algebra g a twisted˜
current algebra.
Ž . Ž .2.2.3 THEOREM. Let the notation be as in Theorem 2.2.2 . Then
d
2 nL , X z  z z  2n 2 X zŽ . Ž .n 0 0ž /dz
d
2 nL , X z  z z  2n 2 X z .Ž . Ž .n 1 1ž /dz
Proof. It is easy.
Ž . Ž .We call X z and X z the twisted primary fields following physicists.0 1
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2.3. Local Nilpotency of Operators on H
2 2ŽŽ .. ŽŽ ..For X  g , X  g , f  z , f  z z, we use the notation0 0 1 1 0 1
 X f  Res X z f z dz , i 0, 1,Ž . Ž .i i i i
z	1
	2 Ž . Ž .to denote the coefficient of z in the expansion of X z f z . We alsoi i
use the notation
 T l  Res T z l z dzŽ . Ž .
z0
	1 Ž . Ž .to denote the coefficient of z in the expansion of T z l z . Here
	d
2 m1l l , l l z .Ý mdz m0
Ž .2.3.1 LEMMA.
  T l , X f 	X l fŽ .0 0 0 0
  T l , X f 	X l f .Ž .1 1 1 1
Proof. We only give the proof of the first formula. For the second one,
Ž . 2 mthe proof is similar. Let f z Ý a z . Then0 m m
 X f  Res X z f z dzŽ . Ž .0 0 0 0
z	1
 Res a X 2n z 2 m	2 n	2 dzŽ .Ý m 0
z	1 n , m
 a X 2m .Ž .Ý m 0
m
Ž . 	2 n	2 	 2 m1Since T z Ý L z , lÝ l z , we haven n m0 m
	
 T l  l L .Ý n n
n0
Hence
  T l , X f  L l , X 2m aŽ .Ý0 0 n n 0 m
n , m
	2 ma l X 2m 2n .Ž .Ý m n 0
n , m
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On the other hand
d
2 n1 2 mX l f  X l z a zŽ . Ž .Ý0 0 0 n mdzn , m
 2 ma l X 2m 2n .Ž .Ý m n 0
n , m
and the proof is finished.
 From the proof of the above lemma, we see X f  X 
 f , which0 0 0 0
will be used later.
d	 2 m1Ž . Ž .2.3.2 THEOREM. Suppose lÝ l  , h exp l . Definem0 m d
  Ž  .  G h  exp 	T l . Then G h acts as an operator on the module H and
H †, we hae hae the identity
	1   G h X 
 f  G h  X 
 f h Ž . Ž .Ž .Ž .0 0 0 0
	1   G h X 
 f  G h  X 
 f h  .Ž . Ž .Ž .Ž .1 1 1 1
Proof. As the first step, we prove the identity
n
n n	ii n i    T l X f  	1 X l f T l .Ž . Ž .Ý0 0 0 0ž /i
i0
If n 0, the identity is trivial. Assume it holds for n. We have
n1   T l X f0 0
n
n	 ii n i    T l 	1 X l f T lŽ . Ž .Ý 0 0ž /i
i0
n
n	 i n	i1i n i1 i    	1 	X l f T l  X l f T lŽ . Ž . Ž .Ý ž /0 0 0 0ž /i
i0
n1 n1 n1    X f T l  	1 X l fŽ . Ž .0 0 0 0
n
n	 i1i n n i   	1  X l f T lŽ . Ž .Ý 0 0ž / ž /ž /i	 1 i
i1
n1
n	 i1n i   X l f T l .Ž .Ý 0 0ž /i
i0
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By induction the identity is proved. Furthermore, we have
m	 	1Ž . m      G h X f  T l X fÝ0 0 0 0m!m0
m	 m 	1Ž . m	 ii m i   	1 X l f T lŽ . Ž .Ý Ý 0 0ž /im!m0 i0
m	 i	 m 	1Ž . m	 ii   X l f T lŽ .Ý Ý 0 0m	 i !i!Ž .m0 i0
and
m	 	 1 	1Ž . mk   X h f G h  X l f T lŽ . Ž .Ý Ý0 0 0 0k! m!k0 m0
m	 	 	1Ž . mk   X l f T lŽ .Ý Ý 0 0k!m!k0 m0
from which the first identity of the theorem follows. The second one can
be proved similarly.
Now we can give the following result on the integrable module of the
 generalized twisted affine Lie algebra g, which parallels a result of 14 in˜
the untwisted case.
2 2Ž . ŽŽ .. ŽŽ ..2.3.3 THEOREM. Let g g 
   g 
  c be the˜ 0 1
generalized twisted affine Lie algebra in one ariable. Then
2Ž . Ž . ŽŽ ..i For any root ector Y  g , f     , the element Y 
 1 1 
Ž . †f  acts on the left g-module H and the right g-module H locally˜ ˜1  
nilpotently.
2Ž . Ž . ŽŽ ..ii For any root ector X  g , f    , the element X 
 0 0 
Ž . †f  acts on the left g-module H and the right g-module H locally˜ ˜0  
nilpotently.
Before the proof of the theorem, we state a lemma. For more details,
 see 14 .
Ž .2.3.4 LEMMA. The exponential mapping is surjectie
exp : dD
l exp l ,Ž .
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d  ŽŽ ..where d   , D is the automorphism group Aut  of the fieldd
ŽŽ ..    and can be identified with a subset of   in the following way:
	
n1D a   a  0Ý n 0½ 5
n0
h h  .Ž .
Ž . †Proof of Theorem 2.3.3 . Since H and H are integrable, the opera- 
tors Y 
  2 n1 and X 
  2 n are locally nilpotent for any integer n. 
Ž . Ž .Furthermore, Y 
 p  and X 
 p  are locally nilpotent for any 1  0
Ž .  2 	2  Ž .  2 	2 Laurent polynomial p    ,   and p    ,  .1 0
Ž . Ž .i We may assume that the coefficient of  in f  is not zero.1
dŽ .  Using Lemma 2.3.4 , there is a derivation l   such thatd
d2Ž .Ž . Ž .  exp l   f  . It will be shown that actually l   , hence we1 d
Ž .can use Theorem 2.3.2 to finish the proof of this part.
In fact, let
l a  a  2 a  2 m  1 2 2 m
and suppose that a  2 m is the minimal nonzero term of even degree.2 m
From the definition of the exponential mapping, we have
	 1
kexp l   l  .Ž . Ž .Ž . Ý k!k0
kŽ .By induction on k, one shows that l  has no nonzero coefficients of
even term of degree smaller than 2m 1 for k 2, hence the even term
a  2 m in l cannot be canceled, which contradicts the assumption.2 m
Ž .ii It is direct to show that
f   g 2 m  ,Ž . Ž .0
Ž . ŽŽ 2 .where g     .
Ž .Using i , there is an l such that
exp l   g  ;Ž . Ž .Ž .
therefore
exp l  2 m  g 2 m  .Ž .Ž . Ž .
2 mŽ . Ž .Then X 
 g  is locally nilpotent from Theorem 2.3.2 again. Thus
Ž .X 
 f  is locally nilpotent. 0
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3. REALIZATION OF THE SPACE OF CONFORMAL BLOCKS
3.1. Definitions
Suppose C is an algebraic curve with an order two automorphism  , Q
is a regular fixed point of  on C, and O is the local ring of C at QC , Q
consisting of germs of holomorphic functions in a neighborhood of Q. 
induces the isomorphisms
   O  O : f  fC , Q C , Q
O mn1 O mn1C , Q Q C , Q Q
ˆ ˆO  O ,C , Q C , Q
where m is the maximal ideal of O consisting of germs of holomor-Q C , Q
ˆphic functions vanishing at Q, and O is the completion of the localC , Q
ring O .C , Q
ˆ  From the canonical isomorphism O   , we obtain an isomor-C , Q
   phism  :    , which we may assume has the form  : 	
by choosing a local coordinate system of Q suitably.
We define a good formal neighborhood of Q as an isomorphism
ˆ  s : O  C , Q
which satisfies the commutative diagram




s ˆ   OC , Q
Ž . Ž .3.1.1 DEFINITION. The data X C; ; Q , . . . , Q ; s , . . . , s are1 N 1 N
called an N-pointed stable curve of genus g with good formal neighbor-
hoods, if
Ž . Ž .1 C; Q , . . . , Q is an N-pointed stable curve of genus g.1 N
Ž .2  is an order two automorphism of C with regular fixed points
Q , . . . , Q .1 N
Ž .3 s is a good formal neighborhood of C at Q .j j
Note. This concept is a special case of an N-pointed stable curve with
formal neighborhoods which is defined in Section 1. The restriction to
good formal neighborhoods ensures the decomposition of a meromorphic
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function into its even part and its odd part which is essential to our
discussion.
For an N-pointed stable curve with good formal neighborhoods X , 
induces an automorphism of the field of global meromorphic functions
N N
0 0 : H C , O  Q H C , O  QÝ ÝC j C jž / ž /ž / ž /j1 j1
f f ,Ž .
Ž .where  f  f .
Put
N
0 0H C , N  fH C , O  Q  f  f ,Ž . Ž .Ý0 C j½ 5ž /ž /j1
N
0 0H C , N  fH C , O  Q  f 	f .Ž . Ž .Ý1 C j½ 5ž /ž /j1
Then we have the decomposition
N
0 0 0H C , O  Q H C , N H C , N .Ž . Ž .ÝC j 0 1ž /ž /j1
0 0Ž . Ž . Ž .Now we define g X  g 
H C, N  g 
H C, N . This is a Lie˜ 0 0 1 1
subalgebra of the generalized twisted affine Lie algebra g via theN˜
canonical embedding map,
N
N0t : H C , O  Q   Ž .Ž .ÝC j jj1ž /ž /j1
f t f , . . . , t fŽ . Ž .Ž .1 N
which expands a given meromorphic function on the curve C to the formal
Laurent series at the given points.
 Ž .Let l be the fixed positive integer as before. For   ,  , . . . ,1 2 N
N  † P , define the left g -module H and right g -module H as˜ ˜l N  N 
H H 
 
H ,  1 N
†

† †H H 
 
H .  1 N
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  Ž . Ž  .For each element X f  X 
 f   g, the action of  X f on H˜j j j j j j j 
is given by
: X f   
 
Ž .j j j 1 N
 :  
 
 
 X f  
 
 
 ,Ž .1 j	1 j j j j1 N
 :  :  :  :where  
 
 means  
 
  ,  H . The left g 	˜1 N 1 N j  Nj
action is given by
N
: :X 
 f , . . . , X 
 f   
 
   X f   
 
 ,Ž . Ž .Ý1 1 N N 1 N j j j 1 N
j1
and
: :c   
 
  l   
 
1 n 1 N
for the central element c of g .N˜
A similar definition can be given for the right action of g on the tensorN˜
†
vector space H .

Ž .The elements of g X act as˜
N
: :X
 f   
 
   X
 t f   
 





 u  X
 f  u 
 
 u   X
 t f .Ž . Ž .Ž .Ý1 N 1 N j j
j1
† Ž . ² : 3.1.2 LEMMA. There is a natural perfect bilinear pairing .  . : H H
 defined by
²   : ² : ² :u 
 
 u ,  
 
  u    u  Ž .1 N 1 N 1 1 N N
satisfying the inariant property
 X 
 f     X 
 f ² : ² :Ž . Ž .j j j j
for any element X 
 f of g .˜j j N
Proof. This is obvious from the definition.
Now we are ready to define the twisted space of conformal blocks, which
consist of the twisted space of covacua and of vacua. Sometimes, by abuse
of notation, we omit the word ‘‘twisted’’ and just say the space of confor-
mal blocks, etc.
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Ž .3.1.3 DEFINITION. Assume that X is an N-pointed stable curve with
good formal neighborhoods. We define the twisted space of covacua
attached to X as the quotient
   X H  g X HŽ . Ž .˜  
and the twisted space of vacua is defined as the dual
†  X Hom  X , .Ž . Ž .Ž . 
Ž .3.1.4 LEMMA. The twisted space of acua can be defined alternatiely as
† ²  † ²  X   H    g X  0 .Ž . Ž .˜½ 5 
 Ž .Proof. Denote by  : H   X the canonical projection map. Using 
†Ž . †  , we may identify the twisted space of vacua  X as a subspace of H .
 † † ²  Ž . ²  Ž .  : For any    X ,  H , and X
 f g X ,  H , we have˜  
² : ² : X
 f      X
 f   0.Ž . Ž .
† ²  ²  Ž . ²  Ž . :Conversely, if  H satisfies  g X  0, then  g X H  0,˜ ˜ 
²  †Ž .hence  may be regarded as an element of  X . The proof is finished.

Also, we have a perfect bilinear pairing induced by the one given in
Ž .Lemma 3.1.2 ,
† ² : .  . :  X   X Ž . Ž .
Ž²   :. ² :which takes an element of the form  ,  to the evaluation  , ,
² where  is the canonical mapping and  is the equivalence class  .
3.2. Basic Properties
In this subsection, we prove that the space of conformal blocks is finite
Ž  .dimensional, just the same as in the untwisted case cf. 14 . This corre-
sponds to the rational conformal field theories, which is one of the most
active fields of current research.
First we prove some lemmas and prepare the stage for the main
theorem of this subsection.
Ž .3.2.1 LEMMA. For any nonnegatie integer m, let
N N
	2 	2 m 	2 	2 m	1g  g 
     g 
   Ý Ým 0 j j 1 j j
j1 j1
 and V H g H . Then V is a finite dimensional ector space.m  m  m
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Ž .Proof. From the definition see Section 1 , the element of the space Hi
can be represented as linear combinations of vectors of the form
X 
 	2 n1  X 
 	2 n s X 
 	2 m1  X 
 	2 m i1  ,Ž . Ž . Ž . Ž .01 i 0 s i 11 i 1 t i i
where X  g , X  g ,   V , n , m are positive integers. Further-0 j 0 1 j 1 i  j ji
more, we may assume that s and t are bounded by the dimension of g . In0
 4fact, for a total order  of the set  0 ,  the root system of g , the0
 4  4subset  ,  , 1 i s, 1 j t of  0 corresponding to the root0 i 1 j
vectors X and X can be rearranged in such a way that0 i 1 j
   ,0 i 1 j
   , i j,0 i 0 j
   , i j.1 i 1 j
This can be checked by induction on s and t and the identity
n m nm m nX 
  X 
   X , X 
   X 
  X 
  .Ž . Ž .Ž . Ž .     
for any negative integer m and n and root vector X , X . 
Define
F  X 
 	2 n1  X 
 	2 n s X 
 	2 m11  X 
 	2 m t1 .Ž . Ž . Ž . Ž .i 01 i 0 s i 11 i 1 t i
Then, the element of H can be written as linear combinations of elements
of the form
F  
 F  
 
 F 1 1 2 2 N N
 F  
 F  
 
 F Ž .1 1 2 2 N N
 F F  
 
 
 F Ž .2 1 1 2 N N
 
 F F  
 F  
 
 .Ž .N 1 1 2 2 N
Since dim V  	, dim g  	, dim g  	. We can choose a finite num- 0 1i
ber of such elements so that their image in V generates V as a vectorm m
space. Therefore, V is finite dimensional.m
Now we introduce some filtrations and the corresponding gradations.
N ŽŽ ..First define a filtration on the space Ý   ,j1 j
	pF     Ž .Ž .p j j j
N N
F    F  Ž . Ž .Ž . Ž .Ý Ýp j p j
j1 j1
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and define a filtration on the Lie algebra g ,N˜
N 2 N 2g 
Ý F    g 
Ý F    c,Ž . Ž .ž / ž /0 j1 2 p j 1 j1 2 p	1 j j
p 0F g ˜2 p N N 2 N 2g 
Ý F    g 
Ý F    ,Ž . Ž .ž / ž /0 j1 2 p j 1 j1 2 p	1 j j p 0
N 2 N 2g 
Ý F    g 
Ý F    c,Ž . Ž .ž / ž /0 j1 2 p j 1 j1 2 p1 j j
p 0F g ˜2 p1 N N 2 N 2g 
Ý F    g 
Ý F    ,Ž . Ž .ž / ž /0 j1 2 p j 1 j1 2 p1 j j p 0.
Note also that H has the natural filtration and gradation,
 F H  H dŽ .Ýp  
dp
H d  H d 
H d 
H d .Ž . Ž . Ž . Ž .Ý  1  2  N1 2 N
d  d d1 N
Ž .3.2.2 LEMMA. Let Gr. denote the gradation operator. Then
 Ž .1 Gr.H H 
Ž . 0Ž . 0Ž . 0Ž .2 Gr.H C, N Gr.H C, N Gr.H C, N0 1
0 0Ž . Ž . Ž . Ž .3 Gr. g X  g 
Gr.H C, N  g 
Gr.H C, N .˜ 0 0 1 1
Ž .Proof. 1 It is clear.
Ž .2 By definition, we have
H 0 C , N H 0 C , N H 0 C , NŽ . Ž . Ž .0 1
and
F H 0 C , N  F H 0 C , N  F H 0 C , NŽ . Ž . Ž .2 p 2 p 0 2 p	1 1
F H 0 C , N  F H 0 C , N  F H 0 C , NŽ . Ž . Ž .2 p1 2 p 0 2 p1 1
F H 0 C , N  F H 0 C , N  F H 0 C , N .Ž . Ž . Ž .2 p	1 2 p	2 0 2 p	1 1
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Hence
F H 0 C , N F H 0 C , NŽ . Ž .2 p 2 p 00 0F H C , N F H C , NŽ . Ž .2 p	1 2 p	2 0
F H 0 C , N F H 0 C , NŽ . Ž .2 p1 2 p1 1 .0 0F H C , N F H C , NŽ . Ž .2 p 2 p	1 1
Therefore
Gr .H 0 C , N Gr .H 0 C , N Gr .H 0 C , N .Ž . Ž . Ž .0 1
Ž . Ž .3 This can be proved in the same way as 2 .
1Ž . Ž Ž . . Ž Ž .3.2.3 LEMMA. For any integer m 2 g C 	 1  1 g C is theN
.genus of the cure C , there is a natural embedding map,
N
	1 	m 0   Gr .H C , N .Ž .Ý j j
j1
 Ž .Proof. See 14, 3.1.7 .
Ž .3.2.4 LEMMA. For sufficiently large m, we hae a natural embedding
map,
N N
	2 	2 m 	2 	2 m	1g 
    
 g 
    Gr . g X .Ž .Ž .˜Ý Ý0 j j 1 j j
j1 j1
Ž .Proof. This is clear from Lemma 3.2.3 .
Ž .3.2.5 LEMMA. We hae the following identity:
 Ž . Ž Ž . . Ž .1 F g X H Ý F g X F H˜ ˜p  p p p p p 1 2 1 2
 Ž . Ž Ž . . Ž Ž .2 Gr. g X H Gr. g X Gr.H .˜ ˜ 
Ž . Ž .  Proof. 1 It is similar to the proof of 3.19 in 14 .
Ž . Ž .2 From 1 , we see
F g X F HŽ .˜p1 q1 
Gr . g X Gr .H   Ž .˜  p q ž /ž /F g X F HŽ .˜p q 
F g X F HŽ .˜p1 q1 p , q F g X F HŽ .˜p q 
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F g X F HŽ .˜p1 q1  Ýr F g X HŽ .Ž .˜pq1 pqr
F g X HŽ .Ž .˜r2 r F g X HŽ .Ž .˜r1 
GR . g X HŽ .Ž .˜ 
as required.
Now we can prove the main result of this section.
Ž . Ž .3.2.6 THEOREM. The space of conformal blocks  X attached to a
semistable cure C is a finite dimensional ector space.
Ž .Proof. This has already been made clear from Lemma 3.2.1 to Lemma
Ž .3.2.5 and the observation
  Gr . X Gr .H Gr . g X HŽ . Ž .Ž .˜  
 H Gr . g X H .Ž .Ž .˜ 
Ž . †Ž .3.2.7 COROLLARY. The space of conformal blocks  X attached to a

semistable cure C is a finite dimensional ector space.
For an N -pointed stable curve with good formal neighborhoods1
X  C ; ; P , . . . , P ; s , . . . , sŽ .1 1 1 1 N 1 N1 1
and an N -pointed stable curve with good formal neighborhoods2
X  C ; ; Q , . . . , Q ; t , . . . , tŽ .2 2 2 1 N 1 N2 2
the connected sum X X  X is defined as1 2
X C ; ; P , . . . , P , Q , . . . , Q ; s , . . . , s , t , . . . , t ,Ž .1 N 1 N 1 N 1 N1 2 1 2
where C C  C ,  is defined by  and  in the trivial way.1 2 1 2
Although C is not connected, we can define the twisted space of conformal
blocks in the same way as we did in the connected case, and we have the
following result.
Ž .3.2.8 THEOREM. For the N-pointed stable cure with good formal neigh-
borhoods
X X  X1 2
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there is a canonical isomorphism
   X 
  X   XŽ . Ž . Ž . 1  2 1 2







  X   X ,Ž . Ž . Ž .1 2  1 2
  Ž .where   ,  , NN N .1 2 1 2
Ž .Proof. From the definition of the action of the subalgebra g X , we˜
have
0 0 g X H  g 
H C , N N  g 
H C , N N HŽ . Ž . Ž .˜ Ž . 0 0 1 2 1 1 1 2 
0 0 g 
H C , N  g 
H C , NŽ . Ž .Ž 0 0 1 1 0 0 2 2
0 0 g 
H C , N  g 
H C , N HŽ . Ž . .1 1 1 1 1 1 2 2 
  g X  g X H 
HŽ . Ž .Ž .˜ ˜1 2  1 2
    g X H 
H H 
 g X H .Ž . Ž .˜ ˜1    2 1 2 1 2
Hence
   X H g X HŽ . Ž .˜  
    H  g X H 
H H 
 g X HŽ . Ž .˜ ˜ž / 1    2 1 2 1 2
   H g X H 
H g X HŽ . Ž .˜ ˜ 1   2 1 1 2 2
   X 
  X .Ž . Ž . 1  21 2
The second statement of the theorem follows from the first one.
 The following theorem is also a partial analogue of a result of 14 .
Ž . 	 2 n1Ž . Ž .3.2.9 THEOREM. For l Ý l  dd , let h  exp l , jj n0 n, j j j j j
1, 2, . . . , N. X is an N-pointed stable cure with good formal neighborhoods
X C ; ; Q , . . . , Q , s , . . . , s .Ž .1 N 1 N
Put
X  C ; ; Q , . . . , Q , s h	1 , . . . , s h	1 .Ž .Žh. 1 N 1 1 N N
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 	1  	1Then, the isomorphism G h 
 
G h1 N
† † † † † † H H 
 
H H H 
 
H    1 1 NN
	1 	1²  ²     
 
    G h 
 
  G h1 N 1 1 N N
induces an isomorphism
	1 	1 † †
    G h 
 
G h :  X   X .Ž . Ž .1 N Žh. 
Proof. We have to show that s h	1 is a good formal neighborhood ofj j
C at Q . This can be checked using the diagramj
h	1 sj j ˆ ˆ  O O  C , Q C , Q j
 

  	1h sj j ˆ ˆ  O O  C , Q C , Q j
and the identity
 h  	h Ž . Ž .j j j j
which can be proved by direct verification.
Ž .According to Lemma 3.1.4 , we have
† ²  † ²   X   H  g X  0Ž . Ž .˜½ 5 
† ²  † ²   X   H  g X  0 .˜Ž . Ž .½ 5Žh. Žh. 
 	1  	1It suffices to show that the isomorphism G h 
 
G h of1 N
† † † † 0Ž . Ž . ²  Ž . Ž .   H maps  X into  X . For    X , X g , fH C, N ,Žh. 0 0   
	1 	1²      G h 
 
G h X
 fŽ .Ž .1 N
N
	1 	1²       G h 
 
G h  X
 t f h Ž . Ž .Ž .Ž .Ý ž /1 N j j j j
j1
N
	1 	1²        X
 f  G h 
 
G hŽ .Ž .Ý j j 1 N
j1
	1 	1²       X
 f G h 
 
G hŽ . 1 N
 0.
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 Ž Ž ..  	1 Ž Ž ..Here we used the fact that G h X
 f  G h  X
 f h  ; see the
Ž .first identity of Theorem 2.3.2 .
0Ž .The case for X g , fH C, N can be proved similarly.1 1
3.3. Propagation of Vacua
Let H denote the g-module induced by the one dimensional trivial˜0
 :  :g -module C 0 , in which 0 is the highest weight and 0 is the related0
highest weight vector. Consider the canonical inclusion
 i : H H 
H  0
 :  :  :   
 0
 Ž .with   , . . . ,  , H , the integrable g-module induced by the finite˜1 N  i
dimensional irreducible g -module V . The inclusion i induces a canonical0  i
linear mapping
† †  : H 
H HŽ . 0 
by the rule
˜ ˜²   : ²   :  u   u
 0 .Ž .
²  † ²  ²  ² Since, for any element  H , we have  
   , where 0 0
 :is defined as any linear extension of the map: 0  1 to the whole H ,  is0
a surjection.
The following result shows the relationship between an N-pointed stable
curve with good formal neighborhoods
X C ; ; Q , . . . , Q ;  , . . . , Ž .1 N 1 N
and an N 1-pointed stable curve with good formal neighborhoods
X˜ C ; ; Q , . . . , Q , Q ;  , . . . , ,  ,Ž .1 N N1 1 N N1
where Q is a non-singular fixed point of the curve C under theN1
automorphism  , and  is a good formal parameter of C at Q .N1 N1
Ž .3.3.1 THEOREM. The canonical surjection  induces a linear isomor-
phism between the spaces of conformal blocks of the two cures just described
aboe
† ˜ †  :  X   X .Ž .Ž .
, 0 
Ž .Proof. Using the canonical projection  introduced in Lemma 3.1.4 ,
† ˜Ž .we identify the space of conformal blocks  X with the subspace of
, 0
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† ˜Ž .H of linear functions annihilated by the subalgebra g X , and identify˜, 0
†Ž . † Ž .  X with the subspace of H of linear functions annihilated by g X ,˜ 
† ˜ ˜ † ˜ ˜²  ²   X   H  g X  0Ž . Ž .˜½ 5, 0  , 0
† ²  † ²   X   H  g X  0 .Ž . Ž .˜½ 5 
˜ † ˜ ˜ †²  Ž . ²  Ž² . For any element    X , put     H . We must show
, 0 
0²  Ž .  : Ž . g X  0. Choose x g , u H , and fH C, N . We have˜ 0  0
˜²   : ²   :  X t f u    X t f u
 0 , 1 jNŽ . Ž .Ž . Ž .j j j j
˜²   X t f u
 0  0Ž . Ž .Ž .N1 j
 :since f is regular at the point Q by definition, and  0 is a trivialN1
g -module. Hence0
N N1
˜²   : ²   :  X t f u    X t f u
 0  0.Ž . Ž .Ž . Ž .Ý Ýj j j j
j1 j1
0Ž .Similarly, one shows that the same identity holds for X g , fH C, N .1 1
This shows that  is well defined.
˜ ˜²  ²  ²  :Next we show that  is injective. If      0, then  u
 0  0,
 0Ž .uH , and by choosing a meromorphic function fH C, N 1 0
Žsuitably this can be done by first choosing a meromorphic function
0 N1Ž Ž ..fH C, O Ý Q such that at the point Q ,C j1 j N1
	2 mf   f  , ord f  MŽ . Ž .N1 1 N1 1 N1
and such that
k  :X
    0, kM ,N1
.then take f to be the even part of f , we have
˜ ˜  u
 X 	2m     u
 X t f ² : ² :Ž . Ž .N1
N
˜	    X t f u
 .Ž .¦ ;Ž .Ý j j
j1
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0Ž .Similarly, by choosing a meromorphic function fH C, N 1 suitably,1
we have
˜ ˜  u
 X 	2m 1     u
 X t f ² : ² :Ž . Ž .N1
N
˜	    X t f u
 .Ž .¦ ;Ž .Ý j j
j1
˜² Thus we have   0 by induction.
²  †Ž .Finally we shall show that  is surjective: for any element    X ,

˜²  Ž .we define an element  Hom H 
M , , where M is the Verma  0 0
module induced by the trivial one dimensional module of g .0
˜² In order to define  by induction, we first note a natural filtration of
the module M . This is defined in the same way as the filtration of H0 0
Ž .corresponding to the gradation given in Theorem 2.1.3 ,
 :V  0  F M  F M    F M   ,0 0 0 1 0 p 0
where
p
F M  M dŽ .Ýp 0 0
d0
 :   :  :M d   M L   d   . 4Ž . Ž .0 0 0 0
˜² Now we give the definition  as follows. First define
˜²  : ²  : u
 0   u uH .
Then we obviously have
N N
˜²   : ²   :  X t g u
 0    X t g u  0Ž . Ž .Ž . Ž .Ý Ýj j j j
j1 j1
0Ž .for any element gH C, N , X g , i 0, 1.i i
˜² Assume that  has been defined already on the space H 
 F M p 0
with
N
˜²   :  X t g u
  0 Ž . Ž .Ž .Ý j j
j1
0 : Ž .for any u
 H 
 F M and gH C, N , X g . By the con- p 0 i i
struction of the Verma module, any element of F M can be written asp1 0
Ž .  : Ž .  :  :X 	2m  , or X 	2m 1  , where X  g , X  g ,   F M0 1 0 0 1 1 p 0
and m is a positive integer.
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 Ž .  :For the element u
 X 	2m  , we choose a positive integer M and0
0 N1Ž Ž ..a meromorphic function fH C, O Ý Q such that at the pointC j1 j
Q ,N1
	2 mf   f  , ord f  MŽ . Ž .N1 1 N1 1 N1
and such that
k  :X 
    0, kM0 N1
Ž .for even k, where ord f  is the minimal positive integer n with1 N1
n Ž .which there is a nonzero term a  in f  .n N1 1 N1
Then we define
N
˜ ˜²   : u
 X 	2m  	    X t f u
 , uH ,Ž . Ž Ž .¦ ;Ý0 j 0 j 
j1
where f denote the even part of f.
 Ž .  :For the element u
 X 	2m 1  , we choose a positive integer M1
0 N1Ž Ž ..and a meromorphic function gH C, O Ý Q such that at theC j1 j
point Q ,N1
	2 m1g   g  , ord g  MŽ . Ž .N1 1 N1 1 N1
and such that
k  :X 
    0, kM1 N1
for odd k.
In the same way, we define
N
˜ ˜²   : ²  : u
 X 	2m 1  	   X t g u
 , uHŽ . Ž Ž .Ý1 j 1 j 
j1
where g denotes the odd part of g.
˜Ž . ² The identity  guarantees that the definition of  is independent of
the choice of the meromorphic functions. From the definition also follows
the formula
N1
˜²   X t g H 
 F M  0Ž . Ž .Ž .Ý j j  p1 0
j1
0 ˜ ˜Ž . ²  Ž .for each gH C, N	 1 , X g , i 0, 1, so that  g X  0. Fur-˜i i
Žthermore, as H M J , J is the submodule generated by X 
0 0   
	1 . l1  : Ž Ž .. 0 cf. Theorem 2.1.5 , the proof will be finished provided weN1
have the following lemma.
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˜Ž . ² 3.3.2 LEMMA. Let  be defined as in the aboe theorem, uH .
Then
l1˜²   : u
 X 	1 0  0.Ž .Ž .
Proof. Since X  g is the highest weight vector of the g -module g , 1 0 1
Ž  Ž .we can choose a nonzero vector X  g cf. 7, 8.3 such that	 1
X , X H . 	 
0 NŽ Ž ..Let fH C, O Ý Q be a meromorphic function on C whoseC j1 j
expansion at Q has the formN1
f   f  , ord f   2.Ž . Ž .N1 1 N1 1 N1
Ž .Suppose f is the odd part of f. By Theorem 2.3.3 there is a positive
integer n such that for any j 1, 2, . . . , N, we have
nk
 : X 
 t f u  0, k .Ž .Ž .j 	 j N
At the point Q , putN1
	1  E X 
 t f , F X 
  , H E, F .Ž .	 N1  N1
Then, we have
	1H X , X 
 t f   X , X cŽ . Ž .	  N1 N1 	 
2
	1	H 
 t f   cŽ . j N1
 , Ž .
	1	H 
 t f   c.Ž . j N1
 :  :Hence we have H 0  l 0 , and by induction it follows that
k  : k  :HF 0  l	 2k F 0 ,Ž .
k  : 2 k	1  :EF 0  kl	 k  k F 0 ,Ž .
m ml1  : l1  :E F 0  c F 0 .m
We may assume that c  0 and obtainn
l1˜²   :c  u
 X 	1 0Ž .Ž .n 
n nl1˜²   :  u
 X t f X 	1 0Ž . Ž .Ž .Ž .	 j 
Nn! n jn ˜²  	1   X t f uŽ . Ž .Ž .Ý Ł j 	 jn !  n ! j11 Nn  n n1 N
l1  :




3.4. Relatie Local 1-Forms
In this section, we investigate the relationship between formal neighbor-
hoods and coordinate systems at a regular point and define the relative
local 1-forms at a fixed regular point with respect to the automorphism 
of the curve C.
Let O denote the local ring of the curve C at the regular point QC , Q
consisting of germs of holomorphic functions, and m denote the maximalQ
ideal of O . Then we have the following canonical isomorphism  forC , Q n
any nonnegative integer n,
n1 n1  : O m    Ž .n C , Q Q
f  f ,Ž .n
Ž .where  f is the equivalence class of the formal power series of fn
expanded at Q. Precisely, we choose an open neighborhood U of Q and a
Ž . 	1holomorphic coordinate mapping  : U  U  such that f
can be expanded to a formal power series in some fixed indeterminate 
Ž Ž . .for any f we assume  Q  0 without loss of generality .
The isomorphisms  are admissible in the sense that they satisfy then
following commutative diagram:
n1n2 n2   Ž .O m    C , Q Q
 nn1 n1   Ž .O m    C , Q Q
Hence we can take the inverse limit of these isomorphisms and get a
canonical isomorphism,
ˆ   : O   ,C , Q
ˆwhere O is the completion of the ring O . For convenience, we useC , Q C , Q
the notations
n1 n1 R  O m , S     ,Ž .n C , Q Q n
	1ˆ  R O , S  , x   ,   ,Ž .C , Q n
 4ISO R , S   : R  S   is an isomorphismŽ .n n n N n n
 4ISO R , S   : R S   is an isomorphism .Ž .
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Then
n
iR  a x  a Ýn i i½ 5
i0
n
iS  a   a  .Ýn i i½ 5
i0
We have
Ž .3.4.1 LEMMA. Let the notations be as aboe. Then
Ž . Ž .  Ž . Ž1 ISO R , S   : R  S   x   a  a    n n n n n 0 1
n	1. 4a  , a  0n	1 0
	Ž . Ž .  Ž . Ž .42 ISO R, S  limit admissible series  Ł ISO R , S .n n0 N n
Ž .Proof. Let  be an isomorphism from R to S ,  x  a  a n n n n 0 1
 a  n	1. If a  0, then a  a  a  n	1 would be an	1 0 0 1 n	1
Ž . 2unit of S , which is impossible. If a  0, we could write  x  n 1 n
Ž n	2 . Ž .a  a  , then  would not be surjective. This proves 1 .2 n	1 n
Ž .Part 2 is clear by definition.
Ž .3.4.2 THEOREM. There is a natural 1-1 correspondence between the set
of formal neighborhoods and the set of holomorphic coordinate systems at the
regular point Q of the cure C.
Proof. Given a formal neighborhood  , it is an inverse limit of some
Ž . Ž .admissible series of isomorphisms  . From Lemma 3.4.1 we know thatn
 has the formn
 : x a  a  n	1 , a  0n 1 n	1 1
and
 : x a  a  n	1 a  nn1 1 n	1 n
from the admissibility. Hence  has the form
 : x a  a  m   .1 m
Using the original coordinate system , we get a holomorphic coordinate
system ,





Ž .U  U
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Conversely, given a holomorphic coordinate system  , then 	1 is
holomorphic, and  	1 is the associated formal neighborhood,





Ž .U  U
Let
X C ; ; Q , . . . , Q ;  , . . . , Ž .1 N 1 N
and
X˜ C ; , Q , . . . , Q , Q  P ;  , . . . ,Ž .1 N N1 1 N1
be two algebraic curves with good formal neighborhoods  and basei
points Q ,  is an order two automorphism, and the Q are fixed points ofi i
Ž . . From Theorem 3.3.1 , there is a canonical isomorphism,
	1 † † ˜  :  X   X .Ž . Ž .
  , 0
† ˜ 	1²  Ž . ²  Ž² .For    X , put     . We have the following result.

 ˜Ž . ²  ²  Ž .  :3.4.3 THEOREM. For any u H , X g ,  u
 X 	1 0 d is 1
independent of the choice of the good formal neighborhood  at P of theN1
	1 Ž .cure C, in which    . Furthermore, there is a meromorphic 1-formN1
0Ž Ž N ..
H C, 
 Ý Q such thatC j1 j
˜²   :
 P   u
 X 	1 0 d .Ž . Ž .
Proof. Suppose  is another good formal neighborhood at P and˜N1
	1 Ž .   . Then˜ ˜N1




˜ ˜ 	1 	1 2²   : ²   : u
 X 	1 0   u
 X
  a  b    0Ž . Ž .Ž . ˜ 1 2
	1 ˜²   : a  u
 X 	1 0 .Ž . 1
Ž  : .Note that 0 is the highest weight vector of V : a trivial g module .0 0
˜²  Ž .  :This shows that  u
 X 	1 0 d is independent of the choice of the
good formal neighborhood.
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To show the second statement, we first define
²   : 	2 n	2
    X 2n 1 u  d , j 1, . . . , NŽ .Ž .Ýj j j j
n
  	1  .Ž .j j
Ž Ž ..  :This is well defined since  X 2n 1 u  0 for sufficiently large n.j
0Ž . Ž .Ž . Ž j. 2 n1For an element fH C, N , let t f  Ý a  be the formal1 j j n n j
Laurent expansion of f at the point Q by the formal parameter  j j
	1Ž .  . Then we havej
N N
Ž j.²   :Res t f  
    X 2n 1 u aŽ . Ž .Ž .Ž .Ý Ý Ýj j j j n
0jj1 j1 n
N
²   :   X
 t f uŽ .Ž .Ý j j
j1
²   :  X
 f u
 0,
Ž Ž . Ž ..where t : f t f , . . . , t f is the canonical embedding map intro-1 N
duced in Section 1.
Hence we have
t f , . . . , t f , 
 , . . . , 
  0.Ž . Ž . Ž .Ž .Ž .1 N 1 N
0Ž .Similarly, we have the above identity for fH C, N . Thus, via Lemma0
Ž . 0Ž Ž N ..1.2.5 , one gets a meromorphic 1-form 
H C, 
 Ý Q suchC j1 j
Ž .that t 
  
 , j 1, . . . , N.j j
˜Ž . ²  Ž .  :Finally, we show 
 P   u
 X 	1 0 d. Let 
 
 d and 

a  a  a  2  . Then0 1 2
1

 P  a  res 
 .Ž . 0 P ž /
0Ž Ž ŽOn the other hand, choose a meromorphic function fH C, O  PC
...Q on C such thati
	1f   regular at P
n jf 0 mod  at Q , j i , 1 jN ,Ž .j j
Ž  .  :where n is sufficiently large so that  X f u  0 and f
 is holomor-j j




˜²   : ²   :  u
 X 	1 0 	   X f uŽ . Ž .Ý j
j1
²   : 	   X f uŽ .i
1
res 
  res f
Ž .P Pž /
N
	 res f




²   : 	2 n	2	Res t f    X 2n 1 u  dŽ . Ž . Ž .Ž .Ž Ýi i i i i
0i n
²   : 	   X f u .Ž .i
The proof is finished.
 ˜Ž . ²  ²  Ž .  :3.4.4 THEOREM. For any u H , X g ,  u
 X 	2 0 d 0
is independent of the choice of the good formal neighborhood  , inN1
	1 0Žwhich   . Furthermore, there is a meromorphic 1-form 
H C,N1
Ž N ..
 Ý Q such thatC j1 j
˜²   :
 P   u
 X 	2 0 d .Ž . Ž .
Proof. The proof is similar and we omit it.
˜ ˜²  Ž .  : ²  Ž .  :We may call  u
 X 	1 0 d and  u
 X 	2 0 d in the
above theorems relative local 1-forms at the regular fixed point P of the
curve C with respect to the automorphism  .
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